We study the behavior of entanglement between different degrees of freedom of scattering fermions, based on an exemplary QED scattering process e + e − −→ µ + µ − . The variation of entanglement entropy between two fermions from an initial state to the final state was computed, with respect to different entanglement between the ingoing particles. This variation of entanglement entropy is found to be proportional to an area quantity, the total cross section. We also study the spin-momentum and helicity-momentum entanglements within one particle in the aforementioned scattering process. The calculations of the relevant variations of mutual information in the same inertial frame reveals that, for a maximally entangled initial state, the scattering between the particles does not affect the degree of both of these entanglements of one particle in the final state. It is also found that the increasing degree of entanglement between two ingoing particles would restrict the generation of entanglement between spin (helicity) and momentum of one outgoing particle. And the entanglement between spin and momentum within one particle in the final state is shown to always be stronger than that for helicity-momentum for a general initial entanglement state, implying significantly distinct properties of entanglement for the helicity and spin perceived by an inertial observer.
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Introduction
The physics of fermion-fermion scattering plays a crucial role in a wide variety of scattering experiments, which probe the behavior of elementary particles. Nevertheless, these theoretical investigations often focus on classical observables such as cross section and decay rate, since these quantities are simpler to access via experiment. An essential property that distinguishes quantum mechanics from classical mechanics is the possibility of entanglement between different degrees of freedom. It is a characteristic feature of some states of a composite system that cannot be decomposed into a direct product form of subsystems. These states also called entanglement states. Entanglement entropy is a measure of how much a given quantum state is quantum mechanically entangled. In the paper, we investigate issues of entanglement entropy in simple example of fermion-fermion scattering.
Even though quantum information was originally formulated in terms of nonrelativistic quantum mechanics, recent years have seen increasing research interest in studying it within the more fundamental framework of quantum field theory. Calabrese and Cardy have systematically studied issues of entanglement entropy in the quantum field with the use of a replica trick [1, 2] . The theoretical framework to study entanglement entropy in cosmology is the quantum field theory in curved background [3, 4, 5] .
An expanding spacetime generates entanglement between certain modes of an exclusively gravitationally interacting scalar field, whose entanglement entropy contains information about the parameters of the cosmic history [6, 7] . When one considers a composite system with subsystem A and its complementĀ separated by a surface, the entanglement entropy is proportional to the area of the surface, and depends on the UV cutoff, which regulates the short-distance correlations. Applied to black hole, Solodukhin [9] calculates the entanglement entropy when the entangling surface is the black-hole horizon. In Refs. [8, 9] , the entanglement entropy can be interpreted not as the total but as a partial (quantum corrections) contribution to the black hole entropy. A more complete understanding may arise from the AdS/CFT.
Ryu and Takayanagi [10, 11] achieved the holographic derivation of entanglement entropy in quantum (conformal) field theories from the perspective of AdS/CFT. In these articles, the entanglement entropy between A andĀ was obtained by evaluating S E = A/(4G N ), where A is the area of a minimal surface whose boundary is the boundary of the subsystem A. These provide a geometric understanding of entanglement. Furthermore, the ER=EPR conjecture by Maldacena and Susskind [12] provides us with another geometric interpretation for entanglement entropy. The two distant black holes connected through a Einstein-Rosen bridge (or a wormhole) in the interior can be interpreted as corresponding to a maximally entangled state of two black holes that form a complex Einstein-Rosen-Podolski pair. They suggest that entangled states contain similar bridges in general. The entanglement between two particles, which are, for example, a pair of accelerating quark and antiquark, the EPR pair created via the Schwinger effect and a pair of scattering gluons in strongly coupled super Yang-Mills theory (SYM), had been studied [13, 14, 15, 16] . These research attempts gave some supportive examples for the ER=EPR conjecture.
In the AdS/CFT correspondence, the scattering amplitude in a strongly coupled field theory can be related to the area of the minimal surface of the Wilson loop of trajectories of scattering particles [17, 18] .
On the other hand, the holographic entanglement entropy is proportional to the area of a minimal surface in AdS spacetimes. In a word, both the scattering amplitude and entanglement entropy in a strongly coupled field theory are associated with minimal surfaces from the point of view of the AdS/CFT correspondence. References. [19, 20] studied the entanglement entropy of two divided momentum spaces with the perturbative calculations method, and this method was then followed by Refs. [21, 22] for the study of the entanglement between two scalar particles in the scattering process in a weakly coupled field theory. They found that the entanglement entropy changes during the scattering process, and this variation of entanglement entropy from initial state to final state is proportional to the cross section.
Being attracted by the interestingness of the previous research, several authors invested multiple attempts to study the behavior of the entanglement between particles in the scattering process from different perspectives [?] . But all these efforts, focusing on elastic scattering of scalar particles and only considering the entanglement of momentum degrees of freedom, worked in toy models. All matter particles and antimatter particles in nature are the fundamental fermions (quarks, leptons, antiquarks, and antileptons). In addition to the momentum degree of freedom, fermions carry half-integer spin and helicity degrees of freedom not possessed by scalar particles. It is worthwhile to mention that in quantum information processing, the spin of a particle is often used as a qubit regardless of the momentum state of the particle. However, spin and momenta are not separable in general in the relativistic motion. To better generalize the entanglement behaviors of scattering scalar particles to the general fields, we need to study it in a fundamental model. The goal of this paper is to carry out the perturbative calculations method in [21, 22] and momentum degrees of freedom with one fermion in scattering process. Section 4 is devoted to the conclusion and discussion. 4 2 Entanglement entropy in fermion-fermion scattering
Entanglement entropy
We consider the scattering process of two fermionic fields, ψ A , ψ B , with the Hamiltonian H = H free + H int . For an elastic scattering process of two fermions, the Hilbert space for both the initial state and final state would be (1+1)-particle Fock space. At weak coupling, we can assume the unitarity of local interaction terms to be guaranteed at lower orders of perturbation [21] . The initial and final states can be viewed as superposition of the basis of free Hamiltonian H free so that we can divide the total Hilbert space as
Since incoming and outgoing particles are free on-shell particles, we can describe the (1+1)-particle states as
where p and q are the 3-momenta of particles, and s, r denote the spin or helicity of the particle. The fermionic creation/annihilation operators obey the commutation relations,
and the inner product between 2-particle states is defined as
These creation/annihilation operators are the mode coefficient of Fourier expansion of free fermion fields
For a scattering process, the final state is determined by the initial state and the S matrix [21] ,
The T matrix be defined as
and the invariant matrix element M,
The authors of Ref. [21] and Ref. [23] analyzed the entanglement between scalar particles, where the entanglement occurs among momentum degrees of freedom. What is more interesting is the entanglement between the spin degrees of freedom for fermionic particles. In the following, we will give the entanglement entropy between fermionic degrees of freedom. The process of evaluation will be the following: |Ψ →
We choose spin states as the basis of Hilbert space, and consider the following initial state with parametrization of the entanglement between the spins:
with (↑, ↓) ≡ σ representing the spin along the z axis, η ∈ [0, π/2] parametrizing the spin entanglement of the state, and β ∈ [−π/2, 3π/2] labelling the relative phase of the superposed states |p, ↑; q, ↑ and |p, ↓; q, ↓ . For η = 0, or η = π/2, the initial state is not an entangled state. For η = π/4, it is maximally entangled.
The final state is determined by the initial state and the S matrix,
According to Ref. [24] , delta functions are then regulated as
where the setting of the entire scattering process is designated to occur in a large spacetime volume of duration T and spatial volume V . Note that Eqs. (10) 
V (0) and (2π)δ T (0) = T . The factors T and V will be eliminated with a proper normalization.
From Eq.(9) we can evaluate the total density matrix of final state by ρ AB := |fin fin|. The reduced density matrix ρ (fin) A is obtained by tracing out the degrees of freedom for particle B, ρ
producing the following result
where N is the normalization factor fixed by tr A ρ
and introducing a shorthand notation for the long expression
In the weak coupling, the reduced density matrix at order λ 2 can be written as
6 where
Then the entanglement entropy between A and B in the final is S
A , and this is what we are going to study in the context of fermion-fermion scattering process.
Example:
In the following, we will consider a simple reaction e + e − → µ + µ − in quantum electrodynamics (QED). The particle interaction during the scattering process induces change in the degree of entanglement between the particles from the incoming state to the outgoing state. We are interested in studying this variation of entanglement and shall proceed as follows. The mass of particles is ignorable at high energy. Working in the center of mass frame, as the Fig.   1 , the initial and final 4-momenta for
The eigenvalues of matrix A k in Eq. (15) can readily be obtained,
a k2 = 1 2 (3 − 2 cos β sin 2η sin 2 θ + cos 2θ + 4 cos 2η cos θ)
We then derive the entanglement entropy of the final state,
For a given initial state, the change of entanglement entropy from initial to final state
In terms of the unpolarized total cross section for the scattering
Thus, the variation of entanglement entropy would be
where
f 2 = 4(1 − cos β cos η sin η)(cos 2 η log cos 2 η + sin 2 η log sin 2 η)
Note that the variation of entanglement entropy for the scattering process of two scalar particles in
Refs. [21, 22] correspond to the first term in our result Eq. (22) . The extra term, the second term comes from the entanglement of spin-spin and spin-momentum, which reflects the unique effect in fermionic system.
The variation of entanglement entropy between particle A and B in the scattering process e + e − → µ + µ − is plotted in Fig. 2 . △SE is proportional to the bottom curve g1 plus the top curve f1 multiplied by log[ From Eq. (22) we find that the variation of entanglement entropy is proportional to the quantity, σ t T /V , where σ t is the unpolarizd total cross section for the above scattering process at the first order of perturbation theory. Spatial volume V and duration T denote the spacetime volume encompassing the entire scattering process; they originate from the inner product of the single-mode state whose norm possesses a delta-functional divergence. In other words, ignoring the unphysical infinite factors V and T , the variation of entanglement entropy in a scattering process is proportional to σ t , the cross section. In fact, the cross section is the effective area of a chunk taken out of one beam, by each particle in the other beam [28] . So, the variation of entanglement entropy in a scattering process is shown to be proportional to the area quantity. We know that, for a ground state of a quantum many-body system, the entropy of the reduced state of a subregion often merely grows with the boundary area of the subregion, and not with its volume [29, 30, 31] . Such "area laws" for the entanglement entropy emerge in several seemingly unrelated fields, in the context of black hole physics, quantum information science, and quantum manybody physics. Our results also seem to reflect the basic characteristics of entanglement entropy, area laws.
Mutual information between different degrees of freedom 3.1 Mutual information between spin and momentum
In the above calculation, the initial state and final state can be regarded as generated by the basis of an asymptotically free Hamiltonian, and then their total Hilbert space can be divided into
For a subsystem, say A, choosing spin state as the complete basis, its Hilbert space H A can be further divided into H pA ⊗ H sA , the spin and momentum degrees of freedom of subsystem A.
Then the total Hilbert space for the initial state and final state can be decomposed into H pA ⊗ H sA ⊗ H B .
The mutual information between spin and momentum degrees of freedom for subsystem A,
where S(X) is the von Neumann entropy of the reduced density matrix of subsystem X. Mutual information is always greater than or equal to zero, with equality if and only if the density matrix for the subsystem A is the tensor product of the reduced density matrices for subsysterms p A and s A for the initial state.
In the following, we calculate the mutual information between the spin and momentum for particle A in the scattering process e + e − → µ + µ − . We use the same initial spin state parametrization as (8) |ini = cos η|p, ↑; q, ↑ + sin η e iβ |p, ↓; q, ↓
This gives zero value initial mutual information between spin and momentum degrees of freedom for particle A, I (ini) = 0. As was explained in previous section, the final state and reduced density matrix are determined by the initial state and S matrix. In the analogous calculation, the mutual information between the spin and momentum of particle A can be obtained.
The momentum reduced density matrix for particle A reads
The corresponding von Neumann entropy is
with
Similarly, we have the spin reduced density matrix for particle A,
And the eigenvalues of the density matrix ρ (fin)
sA are found,
The corresponding von Neumann entropy
where f 5 = (log cos 2 η − log sin 2 η)(cos 2η − cos β cos 2η sin 2η).
For the given initial state, we thus obtain the variation of mutual information between spin and momentum degrees of freedom for particle A
where g 2 = f 4 + f 5 − f 2 − f 3 , with functions f i given in previous sections. The variation of mutual information between spin and momentum for particle A in the scattering process e + e − → µ + µ − is plotted in Fig. 3 . As explained above, the mutual information vanishes for the initial state with arbitrarily valued
Eq.(32) and Fig. 3 , for and exclusively for a maximally entangled initial state between particles A and B (η = π/4), the mutual information for the final state is nearly zero. The zero value of mutual information means there is no entanglement between the spin and momentum degrees of freedom within particle A. Generally, interactions cause change in the degree of entanglement between subsystems, but it is interesting to see that the degree of entanglement between the spin and momentum within particle A in the scattering process does not change when the initial state is maximally entangled. Then we conclude that the increasing degree of entanglement between two particles in the initial state restricts the generation of entanglement between the spin and momentum degrees of freedom within one particle in the final state.
Mutual information between helicity and momentum
For one fermion, both helicity states and spin states can be employed as the complete basis of Hilbert space. Now we choose the helicity states as the basis of two-particle Fock space for the initial state and final state. Then the total Hilbert space can be written as H = H pA ⊗ H hA ⊗ H B . Furthermore, helicity states |p, λ and spin states |p, σ are related by the unitary transformation, Ref. [27] ,
where R(p) is the rotation that carries the z axis into the direction p, and D is the spin 1/2 irreducible unitary representation of Lorentz group,
withp = (sin θ cos φ, sin θ sin φ, cos θ), and labeling helicity λ = 1/2, −1/2 as 1, 2, respectively.
From the description of the initial entangled state in the spin-based Hilbert space, passing to its description in the helicity-based Hilbert space, we have |ini = cos η|p, ↑; q, ↑ + sin ηe iβ |p, ↓; q, ↓
= λ1,λ2
We can readily obtain the final state,
The reduced density matrix ρ (h,fin) A can be written as
and normalization factor N (h) is fixed by tr A ρ (h,fin) A = 1,
For the scattering process e + e − → µ + µ − , we consider that the helicity states and spin states are observed within the same inertial reference frame. Straightforward calculations show that the reduced density matrix ρ pA . To proceed with the analysis, noting that the helicity reduced density matrix of particle A ρ (fin)
has the following roots:
(2 cos 2η − cos β sin 2η cos 2η) (40)
(2 cos 2η − cos β sin 2η cos 2η)
Hence, the variation of helicity entanglement entropy follows
with f 6 = (log cos 2 η − log sin 2 η)(2 cos 2η − cos β sin 2η cos 2η).
At last, we obtain the variation of mutual information between helicity and momentum degrees of freedom of particle A,
We compare the corresponding variations of mutual information of the helicity-momentum and spin-momentum entanglements in Fig. 4 . As mentioned above, our starting setting is I (ini) = 0. From Fig. 4 , the final state mutual information I (fin) (p A , s A ) between spin and momentum is different from that between helicity and momentum. Both of them approach zero, if the initial state is a maximally entangled state (η = π/4). We conclude that the generation of the final state entanglement of both spin-momentum and helicity-momentum correlations within one particle are restricted by the increasing degree of the initial state entanglement between two particles. And for a general initial entanglement state of two particles, the degree of the final state entanglement between spin and momentum within one particle is always stronger than that for helicity-momentum. It indicates that the helicity and spin should have significantly distinct properties of entanglement perceived by an inertial observer, confirming a similar observation in literature Refs. [26, 27] .
Conclusion
For an elastic scattering process of two fermionic particles, we performed a detailed study of the variation of entanglement entropy from an initial state to the final state. With the QED scattering process e + e − → µ + µ − being employed as an example of the case study, the variation of entanglement entropy was computed with respect to different entanglement of the initial state. The mathematical expression of our result contains two terms of contribution. The first term corresponds to the variation of entanglement for the scalar scattering particles, and the extra term reflects the unique effect in the fermionic system. This variation is found to be proportional to σ t T /V , with σ t being the cross section, and T , V ignorable unphysical infinity artifacts coming from the delta function regularization. Therefore, coincident with the basic characteristic of entanglement entropy − the area laws, as being expected, this result was obtained in the context of the fermionic system and allows for an extension to general field systems.
What might be more interesting is the behavior of the entanglement between spin (or helicity) and momentum degrees of freedom within one particle for a two-particle composite system in a scattering process. For the aforementioned QED scattering process, the relevant variations of mutual information for both these cases were calculated in the same inertial reference frame. For a maximally entangled initial state, it was found that the scattering between the particles does not affect the degree of either the spin-momentum or the helicity-momentum entanglement of one particle in the final state. Furthermore, we found that the higher degree of entanglement between two ingoing particles would restrict the generation of entanglement between the spin/helicity and momentum of one of the outgoing particles.
The entanglement between spin and momentum within one outgoing particle is shown always stronger than that for helicity-momentum for a general initial entanglement state, implying significantly distinct properties of entanglement for the helicity and spin perceived by an inertial observer.
It might be interesting to study the entanglement between the spin degrees of freedom for two particles with I(s A , s B ) = S(s A ) + S(s B ) − S(s A∪B ), for which the total Hilbert space can be divided into H pA ⊗ H sA ⊗ H pB ⊗ H sB . It can be found that the roots of the reduced density matrix of spin-subsystem s A∪B are complex values. Or to consider a different scattering process, such as e + e − −→ e + e − , the amplitude would contain a sum of s-channle and t-channel Feynman diagrams, for which the initial state needs be chosen as |ini = a |p, ↑; q, ↑ +b |p, ↓; q, ↓ +c |p, ↑; q, ↓ +d |p, ↓; q, ↑ , with |a| 2 +|b| 2 +|c| 2 +|d| 2 = 1.
Then the variation of entanglement entropy would become a function of multiple parameters, which is tricky to analyze at present but worthy of further study.
